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Exercises for Numerical Calculation:
Pseudo-random numbers and random walk

It is sometimes useful to use random numbers in simulating physical phenomena or in
estimating mathematical expressions. Such methods are generally called as Monte Carlo
(MC) method (モンテカルロ法).

“Random numbers” means literally random numbers which statistically follows a cer-
tain distribution, but its sequence is irregular and one cannot tell a next number from
the numbers that have already appeared.

A computer can generate numbers only through a given operation, thus cannot gener-
ate “random numbers” by definition. However, it can generate random number sequence
that looks practically as a random number sequence; such a sequence is called “pseudo-
random numbers” (擬似乱数).

In this exercise, write a program that generates random numbers with a uniform distri-
bution, and examine if they really look like random numbers. Then, perform simulations
of the random walk （ランダムウォーク）.

1 Pseudo-Random Numbers(擬似乱数)

1. By consulting appropriate literature, find some algorithms to generate random num-
bers uniformly distributed between 0 and 1.

2. Write a code of program for one of them.

3. Examine if the code really generate “random nubmers” by the following procedure.

(a) Write down the first ten “random numbers” generated by the program. Check
how they changes by changing an initial seed of the random numbers.

(b) Distribution(分布)：Generate a lot of random numbers and examine their
distribution as follows: (1) Plot a histogram for appropriate bins. (2) Check if
the distribution changes by changing the seed of random numbers.

(c) 相関：Check if there is no correlation in the sequence of random numbers
as follows: (1) Examine the distribution in the 2-dimensional plot (rn, rn+1),
where rn is the n-th number in the sequence. (2) Try several seeds of random
numbers and see if the distribution changes.

4. Write a code of program that generates random numbers with a Gaussian distri-
bution(ガウス分布), using the program that generates random numbers with the
uniform distribution between 0 and 1. Check if the generated random numbers
really following the Gaussian distribution.
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2 Random Walk（ランダムウォーク）

Random walk is a walk that undergoes a sequence of steps whose intervals are regular, but
whose directions are at random. In the following, we perform simulations of the random
walk on the one-dimensional lattice, using the program we have composed, then examine
its properties. After that, we will extend it to two or three dimensional cases.

1. 1-d random walk: Suppose a particle is at the origin at the time 0. Consider
the particle motion where it moves to the right with probability 1/2 and to the left
with the probability 1/2 at each time step 1.

(a) Let the particle position at time t be x, and write a program that simulates
the particle motion.

(b) Check the particle motion by plotting the trajectory x(t). Plot several trajec-
tories by changing seeds of random numbers.

(c) Calculate the average(平均) position < x(t) > at time t and the variance(分
散) < (x(t)− < x(t) >)2 >, by averaging over many trials. Check how they
behave as function of time t.

How do you understand their behavior?

(d) First Return Time (再帰時間): The first return time is the time that the
particle takes before it get back to the origin for the first time after it leaving
the origin. Find the first return time as follows:

i. Write a program that generates the first return times τ ’s for many trials
in sequence.

ii. Find the distribution for the first return times.

iii. It is difficult to obtain the asymptotic form of the distribution for large τ
due to poor statistics even after many trials.
To improve it, plot the probability P (τ) that the first return time is larger
than τ .

iv. How the distribution behaves asymptotically for large τ?
How do you estimate the average value of the first return time < τ >?

2. Random Walk in higher dimensions: Perform corresponding simulations on
the two-dimensional square lattice and the three-dimensional cubic lattice.

How are they different from the case on the one-dimensional lattice?
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